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Mathematics of the Simplest Free MarketPRIVATE 


The perfect competitive free market is supposed to lead to an equilibrium, at which everything is bought and sold at its market-clearing price. This price equals its marginal cost of production, and similarly the wage of labour is equal to the marginal value of its output. At this equilibrium, scarce resources are supposed to be put to the best use, and the entire system  operates at an optimum. Any intervention which transfers a resource from one use to another is automatically transferring it from a user who can make a better use of it to one who makes a worse. Equally, any intervention which transfers buying power from Peter to Paul may benefit Paul, but it causes a greater loss if not to Peter then to the collective, to Peter and all the other players taken together. This is what is meant by an optimum.


To put this theory to the test, rather than solve the millions of simultaneous equations of Pareto, it is better to study the simplest possible economy. If this confirms the theory, we can extrapolate to more complicated economies with more confidence. If, on the other hand, we find that the theory breaks down, this will not be because the economy is too simple. The theory will break down because it is fundamentally wrong. Consider an economy which is so simple, so primitive, that there is only one form of goods which is produced and traded — let this be the staple food, specifically rice or wheat. We may suppose that all other goods that may be necessary are produced and consumed by the same person or family unit without trading; thus each may collect their own firewood, sew their own clothes, build their own cottage, etc. In this simplest of all market economies, then, only the land on which food is grown and the food which is produced enter into the economy.


Let the economy be that of a few hundred peasants in a valley, where the land on the valley floor is fertile and the labour of one farmer may raise enough food for several people, but higher up the valley sides the land is less and less fertile and produces less food for the same amount of labour. Then we may write the amount of food produced F as a function of the number of peasants working on the land n as F(n). The marginal productivity of the last peasant at work is f(n), given by
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or, equivalently,
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F is to be a sub-linear function of n (Fig.1), and correspondingly f is to be a monotonically decreasing function of n (Fig.2). Without loss of generality, we may use units such that n measures people or families, and one unit of F or f supports one person or one family as appropriate — that is, if F(n) = n then there is just the right amount of food to feed every farmer.


We may further suppose that economic relations are so simple that there is no need for money. With only one product of value, wheat or rice as the case may be, there is no need for gold or paper money to mediate the transactions: wages and rent may be paid in wheat or rice. This sets up the simplest possible economy in which the Law of Diminishing Returns applies, and wages and rents, production and allocation, and use of scarce resources can all be determined by the free market, by the Law of Supply and Demand.


The resources which might be scarce in this valley are evidently land and labour alone. We have deliberately kept things simple enough that there need be no question of a scarcity of skills, of steel, or of livestock. Then how may the resources be allocated and used? This must depend on the population n, relative to the functions F(n) and f(n)? There are two limiting cases which are of little interest. The first is a population so small that a few of them, working the fertile land at the bottom of the valley, produce ample food for everybody. Then, strictly, there is no problem of scarcity and no role for economics (Fig.3). In this situation, recalling our choice of units for F and for n,
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At the other extreme, if the population is excessively large, and every member of this large population works on the land, yet there is not enough food to go round, there is inevitably malnutrition and starvation (Fig.3). This is the case when
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In this situation, there may be a role for economics in finding the best allocation of an inadequate food supply (but modern civilisations in this position prefer to use rationing). But, economics or no economics, there will be malnutrition and starvation because of physical reality. 


The interesting case for testing free-market theory is the intermediate case. Suppose a population n, run efficiently by an engineer, or perhaps a Council or a Guild or a Dictator, empowered to allocate people to farming as necessary. Then they may allocate a number m to farming. The production is F(m); the food available per head is 
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and the appropriate number of people to allocate to farming is given by solving



[image: image4.wmf]n

 

=

 

F(m)


[0]

for m (Fig.4). (There is no point producing more food than there are people to eat it.) Differentiating Eqn.6 with respect to m,
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That is, since F(m) is sublinear with m, dm/dn is monotonically increasing, and since m=0 when n=0 it follows that the greater n is, the greater the ratio m/n must be if there is to be enough food for everybody. The critical population nc at which the physical problem of Eqn.4 sets in is thus the population at which m becomes equal to n (see Fig.4), given by
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Up to nc an efficient engineer, council or guild in charge of farming and allocatiopn of labour may ensure that there is enough food for everybody; above nc there must be malnutrition or starvation as a result of physical reality.


Now let us investigate the free-market solution of the same problem. We assume the land belongs to landowners, or to the Council or the Dictator — it makes no difference. It also makes no difference if the farmers are paid a wage to work on the land, or whether they work the land for themselves and pay a rent. In either case, all the people working on the land receive the marginal productivity of the last man employed: for m people employed they are all paid f(m). The surplus, of course, goes in rent or profit to the landowners or Council. This amount is
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It is the area shown shaded in Fig.5, and is also shown in Fig.6. Now, in this simple economy, what can the landowners do with the surplus R? There are no other products they can spend it on; there is no other industry or commerce in this valley and if we keep the problem simple by excluding imports and exports there is no external trade. But there are the remaining people: if there are n people in total of whom m are employed on the land, then the landowners can — and will — hire n - m people as hangers-on, as retainers, footmen, butlers etc. This they will do, for there is nothing else they can do with their surplus — one landowner cannot eat the grain which might feed twenty. It is worth noting, too, that the landowners will not hire one more peasant, for he would be paid more than he produces and that is clearly not profitable. So they hire retainers instead, and according to the free market, they will hire them at the going rate for peasants, that is, f(m). (Again, we keep the problem simple by assuming no labour differentiation, so that if retainers were paid more than peasants, all the peasants would clamour to be employed as retainers and thereby bid the wage down again.) Plainly, the whole population will be employed, for anyone who is unemployed and starving will bid down the going rate for peasants and retainers until he can take some of the untilled land or get a job as a retainer.


To keep the analysis simple, we assume that the landowners themselves are numerically insignificant — that what they consume directly, themselves, can be ignored. Then, to resume, we have a total production F(m), consumed by m peasants and n - m retainers, making a total consumption of nf(m), which must equal production:
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This relationship can be solved for m; Fig.7 shows a graphical solution. The free market, of course, finds this solution automatically.


There are three cases which it is helpful to consider. If f(x) was constant, F(x) would be just xf(x). If f(x) increased monotonically with x, F(x) woud be less than xf(x). And in the case of the real world, with the diminishing returns of the economist, F(x) is always greater than xf(x) (Fig.8). We may characterise the extent to which diminishing returns occur by the factor (x) defined as
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so that a value of  = 1 means that returns are not diminishing, while 0 <  < 1 corresponds to diminishing returns. The exact value depends on the form of F.


Then since
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n is greater than m, and indeed
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Thus, as expected, diminshing returns yields a population some of whom work in the fields, the rest find employment as retainers, footmen, or whatever.


When the population is small, so that f(m)  1, there is no problem. There is no problem of scarcity, and everyone is paid enough to eat. Indeed, for f(m) > 1, even the peasants and footmen have some surplus income, so that they too can employ each other. This is the situation of plenty, where resources are not scarce and economics has no role to play, so we will not analyse it further. At f(m) = 1 peasants have no disposable income; all the surplus goes to the landowners and all the retainers are employed by them. As the population increases further, f(m) falls below unity and now there is trouble. Everyone, peasants and footmen alike, is paid less than they require to eat; they suffer malnutrition and eventually starvation. 


The population level at which this happens, nfc, is given by
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where m1 is defined by
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(Figs.9 and 10). How does this critical population value compare with nc above, the level at which physical necessity rather than mankind's organisation of its affairs dictates malnutrition? F(m1) is evidently less than F(nc), since f(nc) < 1 while f(m1) = 1 and f is a monotonically decreasing function. However, the ratio nc / nfc depends crucially on the form of f. If, for example, f starts only just above unity and drops off linearly, then nc / m1 = 2 (Fig.11). That is, almost twice as many people will be fed properly by rational organisation than by the free market. If f is a convex function, decreasing slowly at first and then decreasing faster (negative second differential) then the factor will be less than two (Fig.12), while if f is concave (positive second differential) as shown in most economics textbooks (Fig.13), then nc / nfc can be much more than two — the performance of the free market is that much worse than rational organisation.


Economists call the outcome of the free market an "optimum." A very strange optimum, where perhaps less than half as many people can be adequately fed as a sensible organisation of affairs could achieve. An optimum, in which populations larger than nfc but less than nc all go hungry, when they could all be adequately fed. Where there is not a problem of scarcity, it perhaps does not matter how we organise ourselves. But economics textbooks claim that the free market gives the optimum solution to problems of scarcity, the optimum solution to the question of what is to be produced, using what resources, and how the production is to be distributed. We have shown here, quantitatively, that this is not so.

Implications for Society

But worse is to follow. Note that we have not criticised the morality or the public-spiritedness of the landowners. They are in no way responsible for the starvation that surrounds them. Far from it: by employing the peasants at the going rate, and by using their surplus to give employment to the retainers, who would otherwise be unemployed and starving in the streets, they are undoubtedly doing the best they can in free-market conditions. If one landowner were to pay his peasants more, he would have to dismiss some of his retainers. And it is clear to each landowner that there is no point employing, instead, more peasants to work unproductive land which pays less than the peasant's wage. It is clear to the landowner that this results in a loss, which reduces again the number of retainers he can employ. So the landowners are all worthy men, doing their best to act correctly, and of course they are assured by the economists that there is nothing they can do; the iron laws of economics prove that any meddling with the market will only make matters worse.


The landowners will be convinced by this. But it is harder to convince the starving peasants, for they have no education and all they are aware of is the rich landowners grinding the faces of the poor. They will be discontented; eventually they may rise in rebellion. Clearly, it is necessary for the landowners to arm their retainers. Moreover, to assure their loyalty in the event of an insurrection and their fitness to fight it will also be necessary to feed them properly — that is, to pay them perhaps unity, perhaps more, rather than the wages of less than unity which the hungry peasants are getting. This aggravates the situation. Fewer retainers can be employed at the higher wage, and the surplus labour depresses the peasants' wage still further. While this allows some more land to be brought into production, increasing the landowners'surplus somewhat, it still leaves the peasants worse off and still more discontented. Yet the economist will still assure the landowners that they are doing the right thing: the armed and fit retainers deserve their wage because that is what they are worth, and it is just the laws of economics which have reduced the peasants still further into misery. 


We are developing a picture of the kind of society which the free market will produce. A society with desperate and distressed peasants, with rich landowners (barons) surrounded by their armed retainers. Perhaps in the next valley everything is better organised. Perhaps it is occupied by a monastery, whose Abbott has more sense than to leave fields untilled and hands idle when there is hunger. His population can rise to nc before there will be hunger. But he is at grave risk from the armed bands from next door, for while they are not suppressing their own peasants it is too tempting to go marauding in the rich and prosperous — but unarmed — monastery valley. A picture of medieval society is beginning to emerge.


Small wonder that the Church and the towns fought for centuries to establish privileges — the privilege of not living under the free market. The medieval guilds, founded by royal or baronial charter, or established in free cities such as Florence, did all they could to prevent the townspeople falling into the state of the peasants in the countryside. They too were dealing with scarce resources, both of labour and of material, but instead of leaving their allocation to the free market, they would sit in solemn conclave to decide what was best. Adam Smith describes this as a conspiracy to enrich themselves at the expense of the countryside; they could hardly conspire to do more damage to the countryside than the free market had already achieved.

The Optimum in Economics

Let us return to our analysis to see why the economists call the outcome of the free market an optimum: let us see what it is that is being optimised. The Gross National Product of our valley consists, firstly, of the food produced — this is F(m). The peasants get mf(m) of this; the surplus R(m) goes to the landowners. They spend it on retainers, who render a service worth exactly R(m) (by definition), and so that is to be added in to the GNP, making F(m) + R(m). The retainers eat what they are paid, so there are no further transactions or products to count. So the GNP is F(m) + R(m), and it turns out that this is what the free market maximises. We may see this by considering the changes those in power might consider to improve the situation, and we will find that they all reduce GNP. Suppose, for example, that the landowners decide that they must not charge their peasants so much rent. Out of the goodness of their hearts they decide to leave them with unity, rather than f(m). In modern terms the landowners might be said to have decided to tax the rich, themselves, in order to subsidise the poor. The peasants' share of GNP rises from mf(m) to m, and R falls by the same amount. F(m) does not change, so that GNP, which is F(m) + R(m) falls. Of course some of the retainers suffer: they are now unemployed and they starve. 


At best the unemployed retainers might choose to work some of the untilled land, the land whose productivity is below f(m) so that it may be rented for nothing. If one counts their production into GNP, each retainer who was previously contributing f(m) to GNP is now contributing less, so GNP has still fallen. Yet the overall food production is greater; on average people are eating better and one would not be wrong in calling the valley richer!


One problem is just that R(m) is counted twice in GNP, once as part of F(m) and once again in F(m) + R(m) ; this double-counting means that any reduction in R(m) has a disproportionate effect on GNP. The other problem is that the value the free market attaches to R(m) compared with mf(m) bears no relationship to any human desires or needs. The landowners may not want retainers very strongly; they may be passionately determined to have as many as possible. The free market gives the same outcome. In attributing the value f(m) to a retainer's services, because this is what the retainer is paid, free market theory goes in circles, for the only reason he is paid this amount is that the market dictates it. So the free market optimises a quantity which is only given a meaning within the theory. 

More Products

It might be argued that by simplifying the economy to the utmost, as we have, we have managed top throw the baby out with the bathwater. We have come down to an economy where no-one has any choice, and it is the ability of the free market to adjuducate between choices which is its power and its glory. So, while retaining a population greater than nfc so that f(m)<1, let us bring in some features of a slightly more advanced economy by supposing that some of the retainers learn arts and crafts, and begin trading their products. Now the landowners and anyone else with any disposable income has the choice which of these products to buy. Any craftsman who finds that this earns him less than f(m) can of course abandon his craft and take some of the untilled marginal land. Some of the craftsmen perhaps find that they earn much more than f(m). Peasants who want some of the craftsmen's products may decide to go a little hungrier still and use some of their f(m) for this purpose. But the fundamental problem has not been solved. On average, the food production is still inadequate. The free market provides no method to produce food on land with a productivity less than unity without impoverishing all the peasants. No set of human choices within it can achieve this. So the free market cannot achieve the human optimum.

Culture and Civilisation

There is an argument which could lead one to prefer the free-market outcome to the rational outcome. Note that the surpluses F(m)-m and F(m)-mf(m) which are available to feed retainers, craftsmen etc increase with m until we reach m1. The surplus available under rational organisation, F(m)-m, then decreases again until nc is reached at which point it is zero: the Abbott running his monastery has everybody working in the fields and nobody to work in the scriptorium. The surplus F(m)-mf(m) under the free market continues to increase indefinitely and is limited only by the problem of the peasants dying of hunger when f(m) becomes too much less than unity. Now, it can be argued that a population will tend to increase if sufficient food is available, so that the Abbott will inevitably end up with a population at nc. Then culture and civilisation stop. Existence becomes a mere brutish affair, with no artists and craftsmen, nothing to live for. In contrast, the free market guarantees that there is a surplus for such matters, that peasants may starve but the higher things in life will go on. It could be argued that civilisation as we know it could not arise, could not continue, if peasants were allowed by affluence to breed until there was no surplus left to support the arts of civilisation.


Adam Smith came very close to this argument, but he did not state it explicitly. He argued that labourers' wages were determined by the starvation of their children. If too few labourers' children survived to provide the next generation of labourers, the shortage of labourers would increase their pay. Equally, if too many survived, the excess of labourers would bid the wage down until the child mortality was back at its free-market equilibrium level. He did not, however, observe that this process was necessary for the survival of civilisation and culture; he just regarded it as natural and inevitable. This may be why a correspondent wrote to me to say that Adam Smith has been much misrepresented. He was not an economist, but an ironist, and he would be as appalled to know that the Wealth of Nations has been taken as a serious book on political economy as Swift would be by the adoption of the remedy for Irish famines of his Modest Proposal for the Preventing of the Children of Ireland from being a Burden to their Parents of Country: "a young healthy child well nursed is at a year old a most delicious, nourishing, and wholesome food, whether stewed, roasted, baked, or boiled, and I make no doubt that it will equally well serve in a fricassee, or a ragout." (1729)


Nor does any modern economics textbook put this argument forward in defence of the free market and its definition of the optimum. Nevertheless, the argument exists, and some right-wing thinkers may have been more or less consciously aware of it. It may be a good defense of the free-market system; it is certainly the only defense I can think of. Adopt it, if you will; I call it immoral.

Note to add: Malthus was in fact very well aware of the points made in this chapter, and he stated them explicitly: "yet it is unquestionably true, that the laws of private property, which are the grand stimulants to production, do themselves so limit it, as always to make the actual produce of the earth fall very considerably short of the power of production." And then he considers what would happen if the earth’s production potential were to be fully exploited: "till the soil absolutely refused to grow a single additional quarter, and the whole of society was exclusively engaged in procuring the necessaries of life. But it is quite obvious that such a state of things would inevitably lead to the greatest degree of distress and degradation. And, if a system of private property secures mankind from such evils, which it certainly does, in a great degree, by securing to a portion of the society the leisure necessary for the progress of the arts and sciences, it must be allowed that such a check to the increase of cultivation [i.e. starvation] confers on society a most signal benefit." (1798, An Essay on the Principle of Population].

D.J. Dunstan

June 2004

_1148292601

_1148292624

_1148292711

_1148292712

_1148292709

_1148292710

_1148292707

_1148292708

_1148292706

_1148292613

_1148292618

_1148292609

_969895788

_1148292587

_969895785

